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1 Introduction
Holographic dualities [1] between a (d + 1)-dimensional gravitational theory and a d-
dimensional Quantum Field Theory (QFT) represent a powerful tool to study quantum
gravity problems. In this paper we focus on the simplest setup that was used to investigate
supersymmetric black holes in 5D [2, 3]: the gravitational side is type IIB string theory on
AdS3×S3× T 4 or AdS3×S3×K3, while the QFT dual is a 1+ 1 dimensional Conformal
Field Theory (CFT) with N = (4, 4) supersymmetries [1]. This duality is motivated by
starting with a configuration of n1 D1-branes and n5 D5-branes in flat space and studying
a decoupling/low-energy limit. From the D-brane construction it is possible to derive the
AdS radius (RAdS) in terms of the elementary string parameters and check that it is equal
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to the S3 radius; then we can read from the geometry the central charge of the dual CFT
c = 3RAdS/(2G3) = 6n1n5, where G3 is the Newton constant of the theory reduced to
AdS3. The supergravity approximation is a good description of the bulk physics when
curvatures are small RAdS → ∞ which clearly corresponds to a CFT with many degrees of
freedom. Moreover the gravitational description requires to work at a strongly interacting
point in the moduli space of the CFT, so at a first sight it seems difficult to gain any insight
on the bulk physics from the CFT side of the duality. However if we restrict the analysis
to quantities that are protected by supersymmetry, then known non-renormalization theo-
rems often imply that the results do not depend on the couplings and so can be derived by
focusing on another point in the CFT moduli space where the theory is just a collection of
4n1n5 free bosons and 4n1n5 doublets of free chiral and anti-chiral fermions. In particular
we will take advantage of the fact that a particular class of 3-point correlators in the dual
CFT is protected [4] and so can be calculated explicitly by working at the free point.
One of the aims of our analysis is to show that it is possible to use the AdS3/CFT2
duality to study the microstates of the Strominger-Vafa black hole, which carry D1, D5
and momentum charges. On the CFT side, the microstates that can have a dual geometric
description in classical supergravity are the BPS semiclassical states with the charges of
the black hole. The expectation values of the BPS operators in a semiclassical state |si〉
of this type give direct information on the structure of the bulk solution corresponding
to |si〉: by using the standard AdS/CFT dictionary, each BPS operator1 corresponds to a
supergravity mode and so, roughly speaking, its expectation value determines a particular
deviation of the microstate solution from AdS3 × S3.
This approach was pioneered for the D1-D5 CFT in [5–7] where it was applied to
1/4-BPS configurations, which correspond on the bulk side to the microstates of a black
hole of vanishing horizon area in the supergravity limit. As we will discuss in detail, much
of the technology developed in those works can be directly used also in the 1/8-BPS case.
In order to illustrate the method we will focus on the expectation values of the simplest
class of BPS operators, i.e. those of (total) dimension one. The main stumbling block
preventing the generalization of [5–7] to the 1/8-BPS case has been the absence of a rich
enough class of geometries with a known CFT dual. The geometries obtained by spectral
flow in [8–10] have a too simple structure to highlight the general pattern, while we do not
know an explicit CFT dual for the general multicentre solutions [11–14]. However, recently
a new class of 1/8-BPS solutions was derived in [15] with an explicit proposal for the dual
semiclassical CFT states. We will focus on “atypical” states in this class which differ from
AdS3×S3 already very close to the AdS boundary. Then, we have non-trivial expectation
values already for BPS operators of dimension one and we can show that they match in
a non-trivial way the supergravity results. This provides a strong check for the proposed
dictionary between 3-charge geometries and semiclassical states.
Another interesting way to reconstruct the spacetime structure from CFT data is
to study the Entanglement Entropy (EE) both on the CFT side [16] and by using the
1As explained below, for the time being we focus on operators of low dimension, even though it would
be very interesting to extend the analysis further.
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holographic prescription of [17, 18]. In particular the EE of a space interval in the CFT2
probes the metric of the dual space-time deeper in the holographic direction as the interval
becomes bigger. The application of this approach to the 1/4-BPS geometries that are
(small) black hole microstates was first discussed in [19] focusing on the first terms in the
limit of small l/R (l is the size of the EE interval and R is the radius of the space direction of
the CFT). Again, in order to have a non-trivial match between bulk and CFT results at this
order one needs to focus on “atypical” geometries, however this is sufficient to highlight the
general issues that need to be understood in order to use the EE as a tool to characterise the
microstate geometries. In general these geometries are not a metric product of (deformed)
AdS3 and a compact 3d space, so one needs to reformulate the extremization problem
of [17, 18] in terms of a codimension 2 submanifold of a 6D geometry that is asymptotically
AdS3 × S3. A proposal on how to do this in a computationally efficient way is discussed
in [19]. In this paper we show that this proposal is equivalent to the general covariant
prescription of [20] and, as an explicit application to 1/8-BPS configurations, we test this
holographic prescription for the EE in the case of the superstrata geometries derived in [15].
The paper is structured as follows. Section 2 contains a brief review of the D1-D5 CFT
at the orbifold point in terms of free fields. We use this language to give a description of
the BPS operators that are most relevant for our analysis, focusing in particular on those of
dimension one. In section 3 we recall the dictionary between the semiclassical CFT states
and the 1/4-BPS microstate geometries introduced in [5, 6] and list the states we use in
our concrete examples. We also extend the dictionary to the class of 1/8-BPS microstates
constructed in [15]. In section 4 the expectation values of BPS operators of dimension
1 are computed at the CFT orbifold point and on the gravity side, both for 1/4 and for
1/8-BPS states. In the 1/4-BPS case, our computations generalize what has already been
done in the literature in two ways: we consider states that have non-vanishing VEVs of the
orbifold twist fields (for which one needs states that are made of constituents of different
lengths) and highlight the meaning of the relative phases in the definition of the CFT states
on the geometric side of the AdS/CFT correspondence. This more general setup makes
it possible to see/check on the bulk side some fine details of the CFT twist field action
recently derived in [21]. In the 1/8-BPS case, we show, in specific examples, how the match
of the CFT and gravity computations crucially relies on some terms that were predicted
in [15] to make the bulk geometries regular. In section 5 we study the EE of a single
interval in a non-vacuum state. We show that the prescription of [19] for extracting the
first state-dependent corrections in the small interval limit (l/R ≪ 1), is equivalent to the
general covariant approach of [20]. For a generic 1/4 or 1/8-BPS microstate geometry we
derive the EE at order O(l/R)2, both with CFT and with gravity methods, and verify the
consistency between the two approaches. We comment on the relevance and the possible
extension of our results for the microscopic understanding of the thermodynamic properties
of black holes in section 6. The appendices collect some technical results on the orbifold
CFT and on the geometries dual to D1-D5 states, the computation of VEVs in 1/4-BPS
states composed of constituents of arbitrary lengths, and the proofs of some technical
lemmas used in the covariant holographic EE computation.
– 3 –
J
H
E
P
1
1
(
2
0
1
5
)
0
0
4
2 The dual CFT at the orbifold point
The CFT relevant for the D1-D5 microstates is a 2-dimensional QFT withN = (4, 4) super-
symmetry and central charge c = 6n1n5. Here we follow the conventions of section 7 of [15]
(see the references therein for more details) and visualize the CFT at the free orbifold point
as a collection of N ≡ n1n5 strings, each one with four bosons and four doublets of fermions(
XA˙A(r) (τ, σ) , ψ
αA˙
(r) (τ + σ) , ψ˜
α˙A˙
(r) (τ − σ)
)
, (2.1)
where r = 1, . . . , N runs over the different strings and (τ, σ) are the timelike and the space-
like directions in the CFT, which in our conventions will correspond to the directions t
and y on the bulk side. Here α, α˙ = ± are spinorial indices2 for the R-symmetry group
SU(2)L × SU(2)R which is identified with the rotations in the non-compact space direc-
tions (xi) on the bulk side, while A, A˙ = 1, 2 are indices for the SU(2)1 × SU(2)2 = SO(4)I
rotations acting on the tangent space in the compact manifold T 4. We are interested in par-
ticular in the Ramond (R) sector of the CFT, since these states correspond to geometries
that can be extended to an asymptotically flat region and so correspond to the microstates
of the standard black hole. The mode expansion in this sector is
ψαA˙(r) (σ
+) =
∑
n∈Z
ψαA˙n (r)e
−inσ+ , ψ˜αA˙(r) (σ
−) =
∑
n∈Z
ψ˜αA˙n (r)e
−inσ− , (2.2)
where, as usual, we defined the null coordinates σ± = τ ± σ. In our conventions the her-
mitean properties of the ψ’s are ψ11˙ †(r)n = −ψ22˙(r)−n, ψ12˙ †(r)n = ψ21˙(r)−n, and similarly for the
right-moving sector. The particular R vacuum state defined by
ψ11˙0 (r)|++〉(r) = ψ12˙0 (r)|++〉(r) = 0 , ψ˜1˙1˙0 (r)|++〉(r) = ψ˜1˙2˙0 (r)|++〉(r) = 0 (2.3)
is the building block necessary to define the CFT dual of the 1/4-BPS microstate dubbed
“round supertube” and in general to construct the semiclassical states we will use in our
examples.
The R-symmetry currents are obtained simply by summing over r the standard currents
on each string
Jαβ(r) (σ
+) =
1
2
ψαA˙(r) (σ
+) ǫA˙B˙ ψ
βB˙
(r) (σ
+) ,
J˜ α˙β˙(r) (σ
−) =
1
2
ψ˜α˙A˙(r) (σ
−) ǫA˙B˙ ψ˜
β˙B˙
(r) (σ
−) ,
(2.4)
where the operators are normal-ordered with respect to the |++〉(r) vacuum and we use the
convention for ǫA˙B˙ such that ǫ1˙2˙ = 1. The standard SU(2) generators in the R sector are
J3(r) ≡ −J12(r) + 1/2 and J+(r) ≡ J11(r), J−(r) ≡ −J22(r). The constant term in J3(r) has been fixed
in such a way that the |++〉(r) state has quantum number (1/2, 1/2) under (J3(r), J˜3(r)). The
currents have conformal dimension (1, 0) (for the J ’s) and (0, 1) (for the J˜ ′s) as usual, and
we use their zero modes to define other R vacua with different spin
|−+〉(r) = J−0 (r)|++〉(r) , |+−〉(r) = J˜−0 (r)|++〉(r) , |−−〉(r) = J−0 (r)J˜−0 (r)|++〉(r) . (2.5)
2We sometimes use the notation α, α˙ = 1, 2 with the identifications 1 ≡ +, 2 ≡ −.
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There are other operators of total dimension one that will be relevant for our analysis and
transform in the (2, 2) representation of the R-symmetry group. The first quadruplet has
a simple realization in terms of free fields
Oαα˙(r) ≡
−i√
2
ψαA˙(r) ǫA˙B˙ ψ˜
α˙B˙
(r) = O
αα˙
nm (r) e
−i(nσ++mσ−) , (2.6)
which corresponds to the operator O
(1,1)
(1)1 in the notation of [6] and has conformal weight
(1/2, 1/2). The action of the operator (2.6) on the |++〉 state generates another R vacuum
that plays an important role both in the examples of discussed in [6] and in those of this
paper
|00〉(r) ≡ lim
z→0
O22˙00 (r)|++〉(r) =
1√
2
ψ2A˙0 (r) ǫA˙B˙ ψ˜
2˙B˙
0 (r)|++〉(r) , (2.7)
which has spin (0, 0) under (J3(r), J˜
3
(r)). As usual, when convenient, we pass from the cylinder
coordinate for the CFT to those parametrizing a complex plane (after Wick rotation); our
conventions are
eiσ
+
= eτE+iσ = z , eiσ
−
= eτE−iσ = z¯ . (2.8)
The other quadruplet of operators of dimension (1/2, 1/2) is a set of BPS twist fields
Σαα˙2 . When acting on two strings of winding one, Σ
αα˙
2 joins them in a single string of
winding two provided that the angular momenta (3.5) are conserved. This means that,
when going around the operator Σαα˙2 , two copies of elementary fields in (2.1), say r = 1
and r = 2 are exchanged. Clearly, it is possible to generalize this idea and define BPS twist
operators of dimension ((k − 1)/2, (k − 1)/2): they induce a cyclic permutation of k ≥ 2
copies of elementary fields and are in a representation of spin ((k−1)/2, (k−1)/2) under the
R-symmetry. The monodromies induced by these twists Σk are defined by a permutation
cycle specifying how the elementary fields are reshuﬄed when going around Σk. For each
cycle of length k, it is convenient to diagonalize the boundary conditions in order to have k
independent fields. For example, if the permutation cycle involves the copies r = 1, . . . , k,
then the monodromies of the Σk inserted at z = 0 are diagonalized by the combinations
ψαA˙ρ (z) =
k∑
r=1
e−2pii
rρ
k ψαA˙(r) (z) , with ρ = 0, 1, . . . , k − 1 (2.9)
and similarly for the other fields, which implies ψαA˙ρ (e
2piiz) = e2piiρ/kψαA˙ρ (z).
The lowest weight state in the Σk multiplet has spin (−(k − 1)/2,−(k − 1)/2) and so
when it acts of k copies of the |++〉 vacuum produces a state |++〉k in the R sector of spin
(1/2, 1/2) and winding k
|++〉k ≡ lim
z→0
|z|k−1Σ−
k−1
2
,− k−1
2
k (z, z¯)
k∏
r=1
|++〉(r) . (2.10)
We refer to states obtained in this way as strands of length k. Clearly we can change the
total spin of a strand
∑k
r=1 J
3
(r) by using the zero modes of ψ
αA˙
ρ=0 and similarly for the
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right-moving part. As in the k = 1 case (2.5), we can change the spin of the strands of
length k by using the currents
|−+〉k = J−0 ρ=0|++〉k , |+−〉k = J˜−0 ρ=0|++〉k , |−−〉k = J−0 ρ=0J˜−0 ρ=0|++〉k (2.11)
or by acting with the zero mode of the operator
∑
r O
22˙
(r)
|00〉k = −i√
2
ψ2A˙0 ρ=0 ǫA˙B˙ ψ˜
2˙B˙
0 ρ=0 |++〉k . (2.12)
In appendix A we collect the (standard) bosonization formula that can be used to calculate
the action of Σk on ψ
αA˙
ρ by using free fields since we will exploit this language to calculate
some of the CFT correlators in section 4.
3 Gravity-CFT map for D1-D5 states
The aim of this section is to precisely characterize the semiclassical states that are dual to
the class of superstrata constructed in [15]. We first review the CFT/geometry dictionary
in the 1/4-BPS sector by summarising the results of [5, 6] in the language of orbifold CFT.
Then we turn our attention to the 1/8-BPS sector relevant for the superstrata.
3.1 Gravity-CFT map in a 1/4-BPS sector
In the previous section we introduced the concept of strands which can be used to define
the states in the D1-D5 CFT at the orbifold point. The RR ground state of each strand is
denoted by |s〉k, where s = (0, 0), (±,±) runs over one of the five3 possible spin states and
k is the length, or winding number, of the strand. A ground state of the D1-D5 orbifold
theory is obtained by taking the tensor product of N
(s)
k copies of the strand |s〉k, with the
constraint that the total winding number be N = n1n5. Thus a ground state is specified
by a partition {N (s)k } of N :
ψ
{N
(s)
k
}
≡
∏
k,s
(|s〉k)N
(s)
k ,
∑
s,k
k N
(s)
k = N . (3.1)
By convention we relate the norm of these states to the number of ways, N ({N (s)k }), the
strand configuration determined by the partition {N (s)k } can be obtained starting from the
state
∏N
r=1 |++〉(r) ≡ |++〉N :
(ψ
{N
(s)
k
}
, ψ
{N
′(s)
k
}
) = δ
{N
(s)
k
},{N
′(s)
k
}
N ({N (s)k }) . (3.2)
To compute the combinatoric factor N ({N (s)k }), consider the action of the twist field Σ±±k
on N copies of the CFT, to produce a strand of length k: there are N !(N−k)! k ways in which
3We restrict here to bosonic states which are invariant under rotations of the internal space T 4. Hence
our results trivially extend to the D1-D5 system compactified on K3. If one included all the bosonic states,
one would have 3 extra states for the theory on T 4 and 19 extra states for K3. On T
4 there are also 8
fermionic states, while there are no fermionic states for K3.
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the twist field can act, corresponding to the possible choices of k among N copies, up to
cyclic permutations [22]. The full state ψ
{N
(s)
k
}
is obtained by acting repeatedly with twist
fields, so that the total number of terms produced is
N !
(N − k1)! k1
(N − k1)!
(N − k1 − k2)! k2 . . . =
N !∏
k,s k
N
(s)
k
. (3.3)
For strands with multiplicity N
(s)
k > 1, the order by which the N
(s)
k twist operators act is
immaterial, and one should hence divide by N
(s)
k !. Since each term produced by the action
of twist operators has unit norm, one finds
N ({N (s)k }) =
N !∏
k,sN
(s)
k ! k
N
(s)
k
. (3.4)
At the orbifold point, also the action of the operators on the CFT states contains a
combinatoric part. Again this can be described in terms of permutations. The untwisted
operators correspond to the identity permutation and act equally on each copy of the CFT.
For instance the total angular momenta are
J3 =
N∑
r=1
J3(r) , J˜
3 =
N∑
r=1
J˜3(r) (3.5)
and, by construction, the states ψ
{N
(s)
k
}
are eigenstates of the zero-modes of J3 and J˜3 with
eigenvalues
∑
k,s sN
(s)
k . In general the action of an operator on a D1-D5 state involves the
composition of the permutation defining the operator and the permutation defining the
state. Twisted operators correspond to permutations containing cycles of length k > 1.
For instance, in section 4 we will consider the chiral primary operators with a cycle of
length 2 and all others of length 1. We will still indicate them with the same symbol used
in section 2, Σ±±2 , understanding that one has to sum over the contributions coming from
any pair of the N CFT copies since the full operator contains a sum over all permutations
with a single length 2 cycle.
The geometries dual to coherent superpositions of RR ground states have been con-
structed in [6, 23–25]: they are completely specified in terms of a closed curve in R5, gA(v
′)
(A = 1, . . . , 5). The parameter along the curve, v′, has periodicity L = 2πQ5R , where Q5
is the D5 charge and R is the radius of the S1 on which the branes are wrapped. The
equations that allow to construct the geometry given the profile gA(v
′), are listed in ap-
pendix B. The map between geometries and states can however be expressed solely in terms
of the profile: the general idea is that the 5 spin states s are related with the 5 components
of gA(v
′), the length of each strand is related with the harmonic number in the Fourier
expansion of gA(v
′), and the magnitude of each harmonic mode specifies the number of
strands of each type. More precisely, define the Fourier expansions
g1(v
′) + i g2(v
′) =
∑
n 6=0
a
(1)
n
n
e
2pi in
L
v′ , g3(v
′) + i g3(v
′) =
∑
n 6=0
a
(2)
n
n
e
2pi in
L
v′
g5(v
′) = −Im
[
∞∑
k=1
a
(00)
k
k
e
2pi i k
L
v′
]
,
(3.6)
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where, for later convenience, we rename
a
(1)
k>0 = a
(++)
k , a
(1)
k<0 = −a(−−)|k| , a
(2)
k>0 = a
(+−)
k , a
(2)
k<0 = −a(−+)|k| , (3.7)
where we highlight the contribution to the (J30 , J˜
3
0 ) quantum numbers of each excitation.
The Fourier coefficients a
(s)
k are in general complex and satisfy a constraint
∑
k
[
|a(++)k |2 + |a(−−)k |2 + |a(+−)k |2 + |a(−+)k |2 +
1
2
|a(00)k |2
]
=
Q1Q5
R2
. (3.8)
The dual CFT state is more naturally expressed in terms of dimensionless coefficients A
(s)
k :
A
(±±)
k ≡ R
√
N
Q1Q5
a
(±±)
k , A
(00)
k ≡ R
√
N
2Q1Q5
a
(00)
k , (3.9)
which satisfy ∑
k,s
|A(s)k |2 = N . (3.10)
A given set of Fourier coefficients {A(s)k } specifies a profile gA(v′) and hence a geometry;
the CFT state dual to this geometry is [5, 6, 26]
ψ({A(s)k }) =
∑
{N
(s)
k
}
′
(∏
k,s
A
(s)
k
)N(s)
k
ψ
{N
(s)
k
}
=
∑
{N
(s)
k
}
′∏
k,s
(A
(s)
k |s〉k)N
(s)
k , (3.11)
where again the sum
∑′
{N
(s)
k
}
is restricted to
∑
s,k
k N
(s)
k = N . (3.12)
Eq. (3.11) gives the explicit map between gravity and CFT for states with D1, D5 charges.
Notice that the states dual to geometries, ψ({A(s)k }), are generically superpositions of angu-
lar momentum eigenstates ψ
{N
(s)
k
}
. The only exception is when a single Fourier coefficient
A
(s)
k is different than zero, and hence the CFT state is composed of N/k equal strands. The
states whose dual geometries are well described in the classical supergravity limit are the
ones in which the average numbers of strands of each type (N
(s)
k ) is very large: N
(s)
k ≫ 1.
In this limit the sum over {N (s)k } which appears in the definition of the state ψ({A(s)k })
is peaked over the average numbers N
(s)
k , which are determined by the magnitudes of the
Fourier coefficients A
(s)
k . To see this, consider the norm of the state ψ({A(s)k }):
|ψ({A(s)k })|2 =
∑
{N
(s)
k
}
′N ({N (s)k })
∏
k,s
|A(s)k |2N
(s)
k , (3.13)
where we have used the orthogonality of the states ψ
{N
(s)
k
}
(3.2). One can now study where
the sum over {N (s)k } in (3.13) is peaked in the large N (s)k limit. Using the leading Stirling
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approximation for factorials, logN
(s)
k ! ≈ (N (s)k +1/2) logN (s)k −N (s)k , the saddle point values
N
(s)
k are the stationary points of the function
S({N (s)k }) =
∑
k,s
N
(s)
k log |A(s)k |2 −N (s)k logN (s)k +N (s)k −N (s)k log k , (3.14)
with the constraint
∑
s,k k N
(s)
k = N . One finds
k N
(s)
k = |A(s)k |2 , (3.15)
which is consistent with (3.10).
In conclusion, in the state dual to the geometry specified by the Fourier coefficients
{A(s)k }, the average number of strands of type |s〉k is |A(s)k |2/k. We will see that some
properties of the geometry are sensitive not only to the average numbers N
(s)
k , but also
to the form of the state in (3.11): in particular, the fact that the state ψ({A(s)k }) is a
superposition of angular momentum eigenstates ψ
{N
(s)
k
}
will be crucial in the following.
3.2 Gravity-CFT map in a 1/8-BPS sector
We saw that the profile gA(v
′) provides a direct link between the 1/4-BPS geometries and
the corresponding semiclassical states in the CFT. In the 1/8-BPS sector, we do not have a
complete classification of the gravitational solutions dual to states and so it is not possible
to construct an exhaustive dictionary. Here we focus on the class of 1/8-BPS geometries re-
cently derived in [15] by exploiting the linear structure of the supersymmetry equations [27].
It is possible to construct a gravity-CFT map in this sector by relating each term in a
scalar function Z4 that appears in the general 1/8-BPS ansatz (see equations (4.1)–(4.2)) to
the type of strands defining the dual state. From this point of view then Z4 plays the same
role as the profile (3.6) for the 1/4-BPS case. We refer to eq. (3.20) of [15] for the explicit
expression of Z4 in this class of solution, while here it is sufficient to say that each term
in Z4 is labeled by a pair (k,mk) of integer numbers satisfying k > 1 and 0 ≤ mk ≤ k and
is completely determined by a positive number bk,mk and a phase ηk,mk . The combination
bk,mke
iηk,mk plays the same role as a
(00)
k in (3.6).
In analogy with the discussion of the 1/4-BPS case, we define the following eigenstates
of total angular momenta (3.5)
ψ
{N
(s)
k,mk
}
≡
4∏
s=1
∏
k
(|s〉k)N
(s)
k
∏
k,mk
(
(J+−1)
mk
k
mk!
|00〉k
)N(00)
k,mk
(3.16)
where s = 1, . . . , 4 corresponds to the strands |±±〉k, (J+n )k is the current acting on a
strand of length k and, as before, the sum is constrained by (3.12). The states represent a
generalization of the 1/4-BPS building block in (3.1) because we now allow for the presence
of RR ground states |00〉k excited with mk ≤ k insertions of (J+−1)k (it can be checked by
using the free field representation of section 2 that mk cannot be greater than k otherwise
the state vanishes). Then the (0, 0) strands in (3.16) have eigenvalue mk for both (L0)k
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and (J30 )k. The normalization N ({N (s)k,mk}) of these states is related to the combinatoric
properties of the permutation {N (s)k,mk} but contains also an extra factor derived from the
contractions of the (J+−1)k insertions
N ({N (s)k,mk}) =
(
N !∏4
s=1
∏
kN
(s)
k ! k
N
(s)
k
) 1∏
k,mk
N
(00)
k,mk
! k
N
(00)
k,mk

 ∏
k.mk
(
k
mk
)N(00)
k,mk
. (3.17)
Then we can define the states ψ({A(s)k , Bk,mk}) as follows
ψ({A(s)k , Bk,mk}) =
∑
{N
(s)
k,mk
}
′

 4∏
s=1
∏
k
(A
(s)
k |s〉k)N
(s)
k
∏
k,mk
(
Bk,mk
(J+−1)
m
k
mk!
|00〉k
)N(00)
k,mk

 ,
(3.18)
with norm
|ψ({A(s)k , Bk,mk})|2 =
∑
{N
(s)
k,mk
}
′N ({N (s)k,mk})
(
4∏
s=1
∏
k
|A(s)k |2N
(s)
k
)∏
k,mk
|Bk,mk |2N
(00)
k,mk

 .
(3.19)
The numbers of strands N
(s)
k,mk
on which the sum in (3.19) is peaked are the stationary
points of the function
S({N (s)k,mk}) =
4∑
s=1
∑
k
[
N
(s)
k log |A(s)k |2 −N (s)k logN (s)k +N (s)k −N (s)k log k
]
+
+
∑
k,mk
[
N
(00)
k,mk
log |Bk,mk |2 −N (00)k,mk logN
(00)
k,mk
+N
(00)
k,mk
−N (00)k,mk log k+
+N
(00)
k,mk
log
(
k
mk
)]
, (3.20)
again with the constraint
∑
s,k k N
(s)
k +
∑
k,mk
kN
(00)
k,mk
= N . One finds
k N
(s)
k = |A(s)k |2, k N
(00)
k,mk
=
(
k
mk
)
|Bk,mk |2 . (3.21)
We can relate the coefficients A
(s)
k with s = (±,±) to the supergravity parameters a(s)k by
using (3.9), while for s = (00) we have
Bk,mk ≡ R
√
N
2Q1Q5
(
k
mk
)−1
bk,mke
iηk,mk . (3.22)
Note that the gravity parameters a ≡ a(++)1 and bk,mk satisfy the constraints (6.10) in [15],
which generalizes the constraint (3.8) valid for two-charge geometries. When translated in
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terms of the CFT parameters A
(s)
k and Bk,mk , using the above dictionary, the constraint
becomes
4∑
s=1
∑
k
|A(s)k |2 +
∑
k
|Bk,mk |2 = N , (3.23)
which generalizes (3.10).
4 CFT 1-point functions and holography
Holography allows to extract the 1-point functions of chiral primary operators in 1/4 and
1/8 BPS states from the asymptotic expansion of the dual geometries. As these 1-point
functions are protected, they should match the VEVs computed at the free orbifold point
of the CFT. We concentrate in this section on chiral primaries of dimension 1 and work
out a series of examples that confirm the gravity-CFT map defined in the previous section.
We start by recalling the connection between the geometry and the VEVs of CFT
operators for a general D1-D5-P microstate [5, 6]. The 6D Einstein frame metric for such
a microstate can be written in the form [28]
ds26 = −
2√P (dv + β)
(
du+ ω +
F
2
(dv + β)
)
+
√
P ds24, (4.1)
with
P = Z1Z2 − Z24 . (4.2)
We have introduced here the light-cone coordinates
u =
t− y√
2
, v =
t+ y√
2
, (4.3)
constructed from the time coordinate t and the S1 coordinate y. The remaining four spatial
coordinates x1, . . . , x4 form a Euclidean space with metric ds24; though this metric is non-
flat, generically, it reduces to flat R4 asymptotically. The remaining ingredients encoding
the 6D metric are the four scalars Z1, Z2, Z4 and F , and the 1-forms on R4 β and ω.
For general 3-charge geometries all these scalars and 1-forms depend on v and on xi. For
2-charge geometries the v dependence disappears and F = 0.
At leading order in the large distance expansion the metric (4.1) reduces to AdS3×S3.
To extract the VEVs of operators of dimension 1, it is enough to keep the first non-trivial
corrections around AdS3 × S3, which have the form
Z1 =
Q1
r2
(
1 +
f11i
r
Y i1 +O(r
−2)
)
, Z2 =
Q5
r2
(
1 +
f51i
r
Y i1 +O(r
−2)
)
, (4.4a)
Z4 =
√
Q1Q5
r3
A1iY i1 +O(r−4) , F = −
2Qp
r2
+O(r−3) , ds24 = dx
idxi +O(r−4) ,
(4.4b)
β = −
√
2Q1Q5
r2
aα−Y
α−
1 +O(r
−3) , ω = −
√
2Q1Q5
r2
aα+Y
α+
1 +O(r
−3) . (4.4c)
– 11 –
J
H
E
P
1
1
(
2
0
1
5
)
0
0
4
It is always possible to pick coordinates in such a way that
f11i + f
5
1i = 0 , (4.5)
and we will always assume this gauge choice in the following. We have denoted by Y i1 the
l = 1 scalar spherical harmonics on R4, and by Y α±1 the l = 1 vector spherical harmonics;
their expressions are
Y i1 = 2
xi
r
, Y α+1 =
ηαijdx
ixj
r2
, Y α−1 =
η¯αijdx
ixj
r2
, (4.6)
where ηαij = δαiδ4j − δαjδ4i + ǫαij4 and η¯αij = δαiδ4j − δαjδ4i − ǫαij4 (with α = 1, 2, 3) are
the ’t Hooft symbols. Q1, Q5 and Qp are the D1, D5 and P charges, which are quantized
in terms of positive integers n1, n5, np as
Q1 =
(2π)4 n1 gs α
′3
V4
, Q5 = n5 gs α
′ , Qp =
(2π)4 np g
2
s α
′4
R2 V4
, (4.7)
with gs the string coupling, R the radius of S
1 and V4 the volume of T
4. The coefficients
f11i, A1i, aα± are constants for 2-charge geometries but might depend on the light-cone co-
ordinate v for 3-charge states. They capture the VEVs of the chiral primaries of conformal
dimension 1.
These chiral primaries comprise the SU(2)L× SU(2)R currents J3 and J˜3 (which have
dimensions (1, 0) and (0, 1)), and the operators of dimension (1/2, 1/2), Σαα˙2 and O
αα˙, intro-
duced in section 2; it is understood that these operators contain a sum over all copies of the
CFT, as in (3.5). The same operators where introduced in [6], where they were denoted by
O
(0,0)
(2)i and O
(1,1)
(1)1i; we give here an explicit representation of the operators at the free orbifold
point of the CFT. The precise relation between our operators and the operators of [6] is4
Σ++2 = O
(0,0)
(2)1 + iO
(0,0)
(2)2 , Σ
−−
2 = (Σ
++
2 )
† = O
(0,0)
(2)1 − iO
(0,0)
(2)2 , (4.8a)
Σ+−2 = O
(0,0)
(2)3 + iO
(0,0)
(2)4 , Σ
−+
2 = −(Σ+−2 )† = −
(
O
(0,0)
(2)3 − iO
(0,0)
(2)4
)
, (4.8b)
and similarly
O++ = O
(1,1)
(1)11 + iO
(1,1)
(1)12 , O
−− = (O++)† = O
(1,1)
(1)11 − iO
(1,1)
(1)12 , (4.9a)
O+− = O
(1,1)
(1)13 + iO
(1,1)
(1)14 , O
−+ = −(O+−)† = −
(
O
(1,1)
(1)13 − iO
(1,1)
(1)14
)
. (4.9b)
The relation between the 1-point functions of these operators in a state |s〉 and the
dual geometry was worked out in [5, 6], and it is given by
〈s|Jα|s〉 = cJ aα+ , 〈s|J˜α|s〉 = cJ˜ aα− , (4.10a)
〈s|O(0,0)(2)i |s〉 = cO(0,0) f11i , 〈s|O
(1,1)
(1)1i|s〉 = cO(1,1) A1i . (4.10b)
4The minus sign in the second equations in (4.8b) and (4.9b) is imposed by consistency with the SU(2)
algebra.
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The coefficients cj , cJ˜ , cO(0,0) , cO(1,1) are constants independent of the state; their value
is difficult to determine a priori, and hence we will fix them by comparison with some
particular simple state. We will see that consistency between the CFT and the holographic
computations of the entanglement entropy in the D1-D5 microstates provides a non-trivial
check on the values of these coefficients. In [19] this consistency relation was used to fix
some of these coefficients:
cJ = −cJ˜ =
NR√
Q1Q5
, cO(1,1) =
√
2NR√
Q1Q5
; (4.11)
as expected, they only depend on the asymptotic moduli.
All microstates considered in previous works had vanishing VEVs of the twist operators
Σαα˙2 , and hence the coefficient cO(0,0) was left undetermined. One of the purposes of the next
section is to fill this gap, by considering a microstate where the VEV of Σαα˙2 is non-trivial.
4.1 Switching on the twist fields’ VEVs
In this section we analyze the simplest D1-D5 microstate in which the VEV of the twist
field Σαα˙2 is non-vanishing. Since the twist field can join two strands of winding one into a
strand of winding two (or split a doubly wound strand into two singly wound strands), a
state which contains both strands of winding one and two has a non-trivial Σαα˙2 VEV. A
more general situation, in which the twist field joins strands of winding k1 and k2 into a
strand of winding k1 + k2 will be considered in appendix C.
The building blocks of the state we consider here are the strands |++〉k=1 and |++〉k=2,
where |++〉k is defined in (2.10). As we explained in section 3, to have a state which is well
described by a classical geometry one needs to take a linear superposition of states of the
form (3.11), where now only the coefficients A
(++)
1 and A
(++)
2 are non-vanishing; N
(++)
1
and N
(++)
2 denote the numbers of strands of type |++〉k=1 and |++〉k=2. To lighten the
notation, in this section we rename A
(++)
1 ≡ A1, A(++)2 ≡ A2 and N (++)2 ≡ p. Then the
constraint (3.12) implies N
(++)
1 = N − 2p. The state we consider is then
ψ(A1, A2) =
N/2∑
p=1
(
A1|++〉1
)N−2p(
A2|++〉2
)p
, (4.12)
where
|A1|2 + |A2|2 = N , (4.13)
as a consequence of (3.10). We know from (3.15) that the sum in (4.12) is peaked over
p¯ ≡ N (++)2 =
|A2|2
2
⇒ N (++)1 = N − 2p¯ = |A1|2 . (4.14)
Note that the state ψ(A1, A2) is not normalized, but its norm is
|ψ(A1, A2)|2 =
N/2∑
p=1
N (p) |A1|2(N−2p)|A2|2p with N (p) = N !
(N − 2p)! p! 2p , (4.15)
where we have used (3.13).
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By conservation of the angular momenta J3 and J˜3 it is easi to determin which of the
operators Σαα˙2 acquire a VEV in the above state. When Σ
αα˙
2 acts on two strands of type
|++〉k=1, it produces a state with winding two and angular momenta (1 + α/2, 1 + α˙/2),
with α, α˙ = ±1; for the VEV of the twist field to be non-zero, this latter state has to
overlap with the state |++〉k=2, whose spin is (1/2, 1/2). One thus needs α = α˙ = −1,
which means that Σ−−2 acquires VEV in the state (4.12). Since Σ
++
2 = (Σ
−−
2 )
†, the VEV of
Σ++2 must also be non-zero: this VEV originates from the process in which Σ
++
2 acts on the
doubly wound strand |++〉k=2 to produce two copies of the singly wound strand |++〉k=1.
Consider first the VEV of Σ−−2 : the relevant contribution comes from the process in
which the twist field lowers by two the number of length one strands and increases by one
the number of length two strands, which is represented by
Σ−−2
[(|++〉1)N−2p(|++〉2)p] = (p+ 1) [(|++〉1)N−2(p+1)(|++〉2)p+1] . (4.16)
The combinatorial factor p+ 1 can be understood as follows. The twist field Σ−−2 can act
on any one of the
(
N−2p
2
)
copies of length one strands in the state
[(|++〉1)N−2p(|++〉2)p],
which is made of N (p) terms; the total number of terms on the l.h.s. and the r.h.s. of (4.16)
matches if (
N − 2p
2
)
N (p) = (p+ 1)N (p+ 1) , (4.17)
which is verified using the expression for N (p) in (4.15).
From the basic action (4.16), one therefore has
Σ−−2 ψ(A1, A2) =
N/2∑
p=1
AN−2p1 A
p
2 (p+ 1)
(|++〉1)N−2(p+1)(|++〉2)p+1 (4.18)
The VEV of Σ−−2 over ψ(A1, A2) is then computed as
〈Σ−−2 〉 ≡ |ψ(A1, A2)|−2 〈ψ(A1, A2)|Σ−−2 |ψ(A1, A2)〉
=
A21
A2
|ψ(A1, A2)|−2
N/2∑
p=1
(|A1|2)N−2p (|A2|2)p pN (p) = A21
A2
p¯ =
A21A¯2
2
, (4.19)
where, in the last step, we have used (4.14).
For consistency, we should also verify that the VEV of Σ++2 is the complex conjugate
of the VEV in (4.19). The relevant action of Σ++2 is given by
Σ++2
[(|++〉1)N−2p(|++〉2)p] = (N − 2p+ 1)(N − 2p+ 2)
2
[(|++〉1)N−2p+2(|++〉2)p−1] ,
(4.20)
where the combinatorial factor follows from the identity
pN (p) = (N − 2p+ 1)(N − 2p+ 2)
2
N (p− 1) , (4.21)
which can be derived by following steps similar to those explained after (4.16); note that
the factor p on the l.h.s. of the above equation comes from the p possible ways in which
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Σ++2 can act on the p strands of type |++〉2. It follows by comparison of (4.16) and (4.20),
and by the identity (4.21), that
(ψ(p+ 1),Σ−−2 ψ(p)) = (Σ
++
2 ψ(p+ 1), ψ(p)) , (4.22)
where for brevity we have denoted
ψ(p) ≡
[(|++〉1)N−2p(|++〉2)p] . (4.23)
This proves that indeed Σ++2 = (Σ
−−
2 )
† and it implies that
〈Σ++2 〉 = 〈Σ−−2 〉∗ =
A¯1
2
A2
2
. (4.24)
The only other operators of dimension one that have a non-vanishing VEV in the state
ψ(A1, A2) are the currents J
3, J˜3. These VEVs can be straightforwardly computed, as
they are only sensitive to the average numbers of strands of length one and two, which
both carry spin (1/2, 1/2). Using (4.14) one then finds
〈J3〉 = 〈J˜3〉 = 1
2
(
N
(++)
1 +N
(++)
2
)
=
1
2
(
|A1|2 + |A2|
2
2
)
. (4.25)
We now compare the 1-point functions computed in the CFT with the ones extracted
from the dual geometry. This is the geometry associated with a profile whose only two
excited modes are a
(++)
1 and a
(++)
2 , in the notation of (3.6). For notational simplicity we
abbreviate a
(++)
1 ≡ a1 and a(++)2 ≡ a2. The relation between a1, a2 and A1, A2 is given
in (3.9):
ai =
Ai
R
√
Q1Q5
N
(i = 1, 2) . (4.26)
The parameters which encode the asymptotic behavior of the geometry, defined in
general in (4.4), take the following values for our microstate (see appendix B):
f111 − if112 =
R2
2Q1Q5
a21a¯2 , A1i = 0 , a3+ = −a3− =
R
2
√
Q1Q5
(
|a1|2 + |a2|
2
2
)
. (4.27)
Using the dictionary in (4.10a), with the cJ and cJ˜ of (4.11), one readily verifies that
the VEVs of J3 and J˜3 computed in (4.25) agree with their holographically derived values.
For the VEV of Σ−−2 , the first of (4.10b), together with (4.8), gives
〈Σ−−2 〉 = cO(0,0) (f111 − if112) . (4.28)
Comparison of the CFT (4.19) and gravity (4.27) results fixes the value of the unknown
coefficient cO(0,0) :
cO(0,0) =
N3/2R√
Q1Q5
. (4.29)
The fact that cO(0,0) is independent of a1, a2 represents already a non-trivial check; we will
see that the precise numerical value of cO(0,0) is checked also by the computation of the
entanglement entropy in the state ψ(A1, A2).
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4.2 3 charges and two kinds of strands
We now extend the holographic computation of 1-point functions of dimension 1 chiral
primaries to the class of three-charge microstates introduced in section 3.2. Consider first
a simple D1-D5-P state containing only two types of strands: strands of type |++〉k=1
in their ground state and strands of type |00〉k=1 acted upon by the current J+−1, which
carries momentum. The geometry dual to this state was first constructed in [28, 29]. The
CFT state has the form (3.16) where the non-vanishing coefficients are A
(++)
1 and B1,1;
renaming A
(++)
1 ≡ A, B1,1 ≡ B and N (++)1 ≡ p, and using the constraint (3.1), we get
ψ(A,B) ≡
N∑
p=0
(A|++〉1)p
(
B J+−1|00〉1
)N−p
. (4.30)
The constraint (3.23) now reads
|A|2 + |B|2 = N. (4.31)
and from (3.21) we have
N
(++)
1 = p¯ = |A|2, N (00)1 = N − p¯ = |B|2. (4.32)
These relations immediately give the VEVs of the angular momentum operators:
〈J3〉 = N
(++)
1
2
+N
(00)
1 =
|A|2
2
+ |B|2, 〈J˜3〉 = N
(++)
1
2
=
|A|2
2
, (4.33)
since the strands |++〉k=1 and J+−1|00〉k=1 carry angular momenta (1/2, 1/2) and (1, 0)
respectively. We can also read off the average value of momentum:
〈T˜ 〉 = 0 , 〈T 〉 = −(N − p¯) = −|B|2 ⇒ np = 〈L˜0 − L0〉 = |B|2 , (4.34)
since every strand J+−1|00〉1 carries −1 unit of momentum (the minus sign is due to the fact
that in our conventions the momentum operator is identified with L˜0 − L0).
Consider now the operator Oαα˙. As one sees from (2.7) the operator O22˙ transform
the strand |++〉1 into |00〉1; in our state, the |00〉1 strand is acted upon by J+−1, and thus,
to determine the action of Oαα˙ on the state ψ(A,B) we need to know the commutation
properties of Oαα˙ with the SU(2) current algebra. As the index α transforms in the
fundamental representation of SU(2) (which we represent by the matrices τ i = σi/2), one
has the following nontrivial commutator5[(
J in
)αβ
, Oβα˙(v, u)
]
=
1
2
ein
√
2v
R
(
σi
)αβ
Oβα˙(v, u), (4.35)
where the v-dependent factor comes from the fact that we are considering the n-th mode
of current J i(v, u). Hence if we use (2.7), the commutator (4.35) and the fact that positive
modes of the currents annihilate the vacuum strands ((J in)k|s〉k = 0 for n > 0), we obtain
the following VEVs for individual strands
1〈00|J−+1O12˙(v, u)|++〉1 = ei
√
2v
R , 1〈++ |O21˙(v, u) J+−1|00〉1 = −e−i
√
2v
R , (4.36)
5A similar relation holds for the modes of J˜3, with the difference that the dotted index gets rotated.
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which are consistent with the hermiticity property O21˙ = −
(
O12˙
)†
. Note that it is im-
portant that the operators O12˙ and O21˙ are inserted at a generic worldsheet point (v, u)
and that, due to the presence of the current J−+1, J
+
−1, the non-zero-mode part of the op-
erators contributes to the correlator; if only zero-modes had contributed, O21˙ would have
annihilated the state |++〉1 because of (2.3).
The action of O21˙ on angular momentum eigenstates is obtained by combining the
above result with the appropriate combinatorial factor6
O21˙(v, u)
[
(|++〉)p1
(
J+−1|00〉1
)N−p]
= −e−i
√
2v
R (p+1)
[
(|++〉)p+1 (J+−1|00〉)N−p−1
]
. (4.37)
The VEV of O21˙ on the state ψ(A,B) is then
〈O21˙(v, u)〉 = −e−i
√
2v
R
B
A
p¯ = −e−i
√
2v
R A¯B. (4.38)
Because O21˙ = −
(
O12˙
)†
, the VEV of O12˙ is
〈O12˙(v, u)〉 = ei
√
2v
R AB¯. (4.39)
This example highlights a new feature of three-charge microstates: the VEVs of some
operators, like O21˙ and O12˙ in our example, are v-dependent. This v-dependence origi-
nates from the presence of momentum charge (carried in our case by the current J+−1) and
from the fact that states dual to geometries are not eigenstates of the momentum oper-
ator. Since holography relates the VEVs of operators with the coefficients of the metric
expanded around AdS, this implies that three-charge microstate geometries are generically
v-dependent.
The geometry dual to ψ(A,B) is given in eqs. (5.2)-(5.3) of [29]. At the first non-trivial
order in the asymptotic expansion around the AdS boundary, this three-charge solution
admits an expansion of the form (4.4), where the only non-trivial metric functions are
Z4 ≈ Ra b cos θ
r3
cos
(√
2v
R
− ψ
)
, F ≈ − b
2
r2
, (4.40a)
β ≈ Ra
2
√
2
sin2 θ dφ− cos2 θ dψ
r2
, ω ≈ R (a
2 + b2)√
2
sin2 θ dφ+ cos2 θ dψ
r2
; (4.40b)
the coefficients a and b are taken to be real. The gravity coefficients extracted from this
geometry are then
A13 + iA14 = Ra b
2
√
Q1Q5
ei
√
2v
R , Qp =
b2
2
, a3+ =
R (a2 + b2)
2
√
Q1Q5
, a3− = − Ra
2
2
√
Q1Q5
.
(4.41)
Using the dictionary (3.9), (3.22), along with (4.7), (4.10), and (4.11), we find agreement
with the CFT results for the 1-point functions 〈O21˙〉, 〈O12˙〉, 〈J3〉, 〈J˜3〉, 〈L˜0 − L0〉.
6O21˙ can act on the N − p strands of type J+−1|00〉1, producing (N − p)
(
N
p
)
= (p+1)
(
N
p+1
)
terms, which
matches the number of terms on the r.h.s. of (4.37).
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4.3 3 charges and three kinds of strands
The state analyzed in the previous section is a very particular three-charge state: as ex-
plained in [29], that state can be generated by acting on the two-charge state with strands
|++〉1 and |00〉1 with the symmetry operator epi2 (J
+
−1−J
−
+1). We call such states descendants.
We consider in this section a simple state which is not a descendant. This state has also
the property that the VEVs of all the dimension one operators are non-trivial and it will
allow us to provide a CFT derivation of a numerical coefficient which was fixed in [15] by
a non-trivial regularity requirement.
The state we consider has the form (3.16) with three type of strands: |++〉1, J+−1|00〉2,
|00〉1. We rename the associated coefficients as A(++)1 ≡ A,B2,1 ≡ B1, B1,0 ≡ B2 and the
respective numbers of strands as N
(++)
1 ≡ N − 2p1 − p2, N (00)2,1 ≡ p1, N (00)1,0 ≡ p2, so that
the state can be written as
ψ(A,B1, B2) =
N/2∑
p1=0
N−2p1∑
p2=0
(A|++〉1)N−2p1−p2
(
B1J
+
−1|00〉2
)p1 (B2|00〉1)p2 . (4.42)
It is important to keep in mind that the state J+−1|00〉2 has norm 2
2〈00|J−+1J+−1|00〉2 = 2 , (4.43)
as a consequence of the fractional mode contributions which appear when J+−1 acts on a
strand of length 2: (J+−1)2 = ψ
11˙
−1ψ
12˙
0 + ψ
11˙
0 ψ
12˙
−1 + ψ
11˙
−1/2ψ
12˙
−1/2. The same mechanism gives
rise, for generic k and mk, to the factor
(
k
mk
)
in (3.17). We can then borrow the general
result (3.21) to obtain the average numbers of strands in our state:
p¯1 = |B1|2, p¯2 = |B2|2, N − 2p¯1 − p¯2 = |A|2, (4.44)
where the constraint among the coefficients is now
|A|2 + 2|B1|2 + |B2|2 = N. (4.45)
Since the strands |++〉1, J+−1|00〉2 and |00〉1 carry spin (1/2, 1/2), (1, 0) and (0, 0), the
VEVs of the angular momentum operators are
〈J3〉 = N
(++)
1
2
+N
(00)
2,1 =
|A|2
2
+ |B1|2, 〈J˜3〉 = N
(++)
1
2
=
|A|2
2
. (4.46)
Momentum is carried only by the J+−1|00〉2 strands, and thus
〈T˜ 〉 = 0 , 〈T 〉 = −N (00)2,1 = −|B1|2 ⇒ np = 〈L˜0 − L0〉 = |B1|2 . (4.47)
The presence of |00〉1 and |++〉1 strands signals that some of the Oαα˙ operators can
have a nonzero VEV, while the presence of strands of length 2 with non-zero modes of the
current acting on them implies a nonzero v-dependent VEV for the twist operators Σαα˙2 .
On the gravity side, the VEV of Σαα˙2 corresponds to a term of order r
−3 in the metric
function Z1 (see eq. (4.4a)); it was shown in [15] that such a term is needed to ensure
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regularity of the metric. We will verify that the precise numerical coefficient derived in [15]
matches the CFT prediction.
Consider first the VEV of Oαα˙. By angular momentum conservation only O22˙ and
O11˙ can acquire a VEV; in particular one can consider the process in which O22˙ converts
a |++〉1 into a |00〉1 strand:
O22˙
[
(|++〉1)N−2p1−p2
(
J+−1|00〉2
)p1 (|00〉1)p2
]
=
= (p2 + 1)
[
(|++〉1)N−2p1−p2−1
(
J+−1|00〉2
)p1 (|00〉1)p2+1
]
. (4.48)
This gives rise to the VEV
〈O22˙〉 = A
B2
p¯2 = AB¯2 . (4.49)
By hermiticity, O11˙ =
(
O22˙
)†
, one also obtains the VEV
〈O11˙〉 = 〈O22˙〉∗ = A¯B2. (4.50)
Consider now Σαα˙2 . The twist operator can join two strands of length one into a length
two strand of type J+−1|00〉2; by angular momentum conservation, the two starting strands
have to be |++〉1 and |00〉1 and the operator acting on them Σ+−2 . We thus expect the
basic correlator
2〈00| J−+1Σ+−2
(
|++〉1 ⊗ |00〉1
)
Symm.
(4.51)
to be non-vanishing, where we have denoted by(
|++〉1 ⊗ |00〉1
)
Symm.
≡ |++〉(r=1) ⊗ |00〉(r=2) + |00〉(r=1) ⊗ |++〉(r=2) (4.52)
the product of the two states |++〉1 and |00〉1 symmetrized over two copies (r = 1, 2) of
the CFT. Note that ∥∥∥∥∥
(
|++〉1 ⊗ |00〉1
)
Symm.
∥∥∥∥∥
2
= 2. (4.53)
To compute (4.51) we need to know the commutator of the doublet of operators Σαα˙2 with
the currents J in; this has a form analogous to (4.35):[(
J in
)αβ
,Σβα˙2 (v, u)
]
=
1
2
ein
√
2v
R
(
σi
)αβ
Σβα˙2 (v, u) . (4.54)
Thus we find
2〈00| J−+1Σ+−2
(
|++〉1 ⊗ |00〉1
)
Symm.
= ei
√
2v
R 2〈00|Σ−−2
(
|++〉1 ⊗ |00〉1
)
Symm.
= ei
√
2v
R ,
(4.55)
where we have used
Σ−−2
(
|++〉1 ⊗ |00〉1
)
Symm.
= |00〉2 . (4.56)
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We can now include the combinatorial factors7 and obtain the action of Σ+−2 on the full
ensemble of strands:
Σ+−2
[
(|++〉1)N−2p1−p2
(
J+−1|00〉2
)p1 (|00〉1)p2
]
=
=
ei
√
2v
R
2
(p1 + 1)
[
(|++〉1)N−2p1−p2−1
(
J+−1|00〉2
)p1+1 (|00〉1)p2−1
]
. (4.57)
Hence we obtain the VEV
〈Σ+−2 (v, u)〉 =
ei
√
2v
R
2
AB2
B1
p¯1 =
ei
√
2v
R
2
AB¯1B2. (4.58)
Of course one can also consider the opposite process in which Σ−+2 acts on J
+
−1|00〉2 to
produce singly wound strands |++〉1 ⊗ |00〉1. This is captured by
Σ−+2 J
+
−1|00〉2 = −e−i
√
2v
R Σ++2 |00〉2 = −
e−i
√
2v
R
2
(
|++〉1 ⊗ |00〉1
)
Symm.
, (4.59)
where we have used
Σ++2 |00〉2 =
1
2
(
|++〉1 ⊗ |00〉1
)
Symm.
. (4.60)
Together with (4.53) this implies(
1〈++ | ⊗ 1〈00|
)
Symm.
Σ−+2 J
+
−1|00〉2 = −e−i
√
2v
R , (4.61)
which is consistent with (4.55) and the property Σ−+2 = −
(
Σ+−2
)†
. Thus
〈Σ−+2 (v, u)〉 = −〈Σ+−2 (v, u)〉∗ = −
e−i
√
2v
R
2
A¯B1B¯2. (4.62)
Let us now compare with the dual geometry: it can be read off from section 5.2 of [15]
taking k1 = 2, m1 = 1. We focus in particular on the metric functions Z1, Z2 and Z4,
which determine the VEVs of Oαα˙ and Σαα˙2 (the gravity values of the momentum and of
the angular momenta are given in (6.11) and (6.15) of [15] and are easily seen to agree with
the CFT values computed above). At the relevant order in the 1/r expansion, the gravity
solution is characterized by
Z1 =
Q1
r2
+
R2
2Q5
a b1b2 cos
(√
2v
R
− ψ
)
cos θ
r3
+O(r−4) , Z2 =
Q5
r2
+O(r−4) , (4.63a)
Z4 = Ra b2
sin θ cosφ
r3
+O(r−4) , F = − b
2
1
4r2
, (4.63b)
7The number of ways Σ+−2 can act on the strands (|++〉1)
N−2p1−p2 (|00〉1)
p2 is (N−2p1−p2) p2
2
; we divide
by 2 because we have already taken into account the exchange of a |++〉1 and a |00〉1 strand in the
symmetrized combination (4.52).
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β =
Ra2√
2r2
(
sin2 θ dφ− cos2 θ dψ) , ω = R
(
a2 +
b21
4
)
√
2r2
(
sin2 θ dφ+ cos2 θ dψ
)
(4.63c)
where the parameters a, b1, b2 are real. The order r
−3 term of Z1 is necessary for having
a regular metric: its numerical value is determined by the constant c given in eq. (5.15)
of [15], which in our case reads c = 1/2. Transforming into a coordinate system where (4.5)
is satisfied, one finds
f113 + if
1
14 =
R2
Q1Q5
a b1b2
8
ei
√
2v
R , A11 = Rab2
2
√
Q1Q5
, (4.64a)
a3+ =
R√
Q1Q5
1
2
(
a2 +
b21
4
)
, a3− = − R√
Q1Q5
a2
2
, Qp =
b21
8
. (4.64b)
Using the holographic dictionary (4.10), the values of the constant cO(1,1) and cO(0,0)
in (4.11) and (4.29), and the relations (3.9) and (3.22), which give
A = a
R
√
N√
Q1Q5
, B1 =
b1
2
√
2
R
√
N√
Q1Q5
, B2 =
b2√
2
R
√
N√
Q1Q5
, (4.65)
one verifies that the gravity result (4.64) matches, including all numerical factors, with the
CFT VEVs (4.46), (4.47), (4.49), (4.50), (4.58) and (4.62).
5 Entanglement entropy in D1-D5 microstates
The entanglement entropy of a space domain A in a given microstate represents a useful
observable to characterize the microstate itself. The investigation of this observable, for
a domain A composed of a single interval of length l in a two-charge microstate, was
initiated in [19], where by following [30, 31] it was shown that the EE admits an expansion
for small l in terms of the VEVs of operators whose dimensions increase with the order
of the l-expansion. If only chiral primary operators (and their descendants) are kept in
this expansion, the resulting EE coincides with the one evaluated at the gravity point in
the CFT moduli space, which, on the other hand, can be holographically computed via
the Ryu-Takayanagi formula [17] (and its generalizations [20]). Hence the EE provides an
alternative handle to compare the VEVs of chiral operators in D1-D5 microstates in the
CFT and the gravity pictures. We extend here the results of [19] by considering more
general two-charge microstates, with non-vanishing VEVs for the twist operators, and also
a class of three-charge microstates.
Before analyzing particular examples, we describe a general approach for the holo-
graphic and the CFT derivations of the EE in microstate geometries.
5.1 Holographic computation at the first non-trivial order
The original formalism of Ryu-Takayanagi applies to static asymptotically AdS geometries;
as microstate geometries are not static, the appropriate formulation is the covariant one de-
veloped in [20]: the EE is given by the area of the co-dimension two surface that extremizes
the area functional and is homotopic to the entangling domain A, seen as a submanifold
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of the AdS boundary. Our situation has a further complication, in that microstate geome-
tries are asymptotically AdS3 × S3 (as the compact space trivially decouples for our class
of microstates, we directly work in the 6D Einstein geometry obtained by compactification
on T 4); moreover generic microstates have a product structure only at the boundary, and
there is no invariant way to decouple the AdS3 and the S
3 part in the spacetime interior.
In [19] a recipe was given to write the 6D space as an S3 part fibered over an asymptotically
AdS3 space (mathematically, to define an almost product structure); the recipe was based
on the introduction of a special set of coordinates, defined, at the first non-trivial order
in the expansion around the AdS boundary, by a de Donder gauge condition. This recipe
allows to define a 3D asymptotically AdS metric, to which the formulas of [17, 20] can be
directly applied; moreover, reducing the problem from 6D to 3D drastically simplifies the
computation of the EE.
Though the recipe used in [19] correctly reproduces the CFT result at the first non-
trivial order in the small l expansion, it would be desirable to have an a priori justification
for the gauge choice defining the AdS3 × S3 split. An alternative, geometrically natural,
procedure8 to holographically compute the EE in spaces that are asymptotically AdS3 ×
S3, is to consider, as suggested by [20], an extramal co-dimension two surface in the full
6D space that reduces at the boundary to ∂A × S3. We will show here the equivalence
between the invariant 6D and the gauge-fixed 3D recipes, at the first non-trivial order in
the expansion around the AdS boundary (which coincides with the small l expansion). The
extension to higher orders remains an interesting open problem.
The 6D9 Einstein metric can, in full generality, be written in the form
ds26 ≡ GMN dxMdxN = gµν dxµdxν +Gαβ(dxα +Aαµ dxµ)(dxβ +Aβν dxν) , (5.1)
so that one has
Aαµ = G
αβGµβ , gµν = Gµν −GαβGµαGνβ . (5.2)
The coordinates are chosen in such a way that xµ (xα) are AdS3 (S
3) coordinates at the
boundary; the continuation of these coordinates to the interior of the space is, a priori,
arbitrary. In [19] this arbitrariness was (partly) fixed by requiring that the gauge fields Aαµ
satisfy the gauge condition
∇0αAαµ = 0 , (5.3)
with ∇0α the covariant derivative with respect to round metric of S3. We will see that this
gauge choice simplifies the covariant EE computation and reduces the problem to the 3D
one solved in [19].
In this 6D geometry, consider a co-dimension two submanifold which at the boundary
reduces to S3 times a co-dimension two submanifold in AdS3 given by the boundary of the
entangling domain A = [0, l]. We can parametrize its worldvolume by xα plus a parameters
λ, so that the parametric representation of the submanifold is (xµ(λ, xα), xα). The metric
8We thank R. Emparan, V. Hubeny and J. Simon for drawing our attention to this point.
9Though we specify to geometries that are asymptotically AdS3 × S
3, as they are the ones relevant for
the D1-D5 system, the argument can be readily extended to AdS×S-type of spaces in arbitrary dimension.
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induced on the submanifold is
ds2∗ = gµνdx
µ
∗dx
ν
∗ +Gαβ(dx
α +Aαµdx
µ
∗ )(dx
β +Aβνdx
ν
∗) ≡ g∗IJdλIdλJ , (5.4)
with
dxµ∗ = x˙
µdλ+ ∂αx
µdxα , (5.5)
and λI ≡ (λ, xα). According to the recipe of [20], this submanifold should extremize the
area functional:
∂
∂xµ
√
detg∗ − ∂
∂λ
∂
∂x˙µ
√
detg∗ − ∂
∂xα
∂
∂∂αxµ
√
detg∗ = 0 , (5.6)
where we abbreviate x˙µ ≡ ∂λxµ. These are complicated partial differential equations for
the unknowns xµ(λ, xα). However, in the limit of small l, the extremal surface probes
only a region of spacetime very near the AdS boundary, and, at least at leading order in
this asymptotic expansion, the extremality equations can be reduced to simpler ordinary
differential equations for functions the functions Xµ(λ) ≡ ∫ dxα√detG0 xµ(λ, xα). To
perform this perturbative analysis, we introduce a parameter ǫ that controls the expansion
away from the AdS boundary; the first non-trivial corrections to the metric have the form
gµν ≡ g0µν + ǫ δg1µν + ǫ2 δg2µν , Gαβ ≡ G0αβ + ǫ δG1αβ + ǫ2 δG2αβ , Aαµ ≡ ǫ δAαµ , (5.7)
where g0µν is the AdS3 metric, which only depends on x
µ, and G0αβ is the S
3 metric, which
only depends on xα; the correction terms, δgiµν , δG
i
αβ , δA
α
µ, depend both on x
µ and xα.
Correspondingly the functions describing the submanifold can be expanded as
xµ(λ, xα) = xµ0 (λ) + ǫ x
µ
1 (λ, x
α) + ǫ2 xµ2 (λ, x
α) +O(ǫ3) , (5.8)
where xµ0 (λ
i) is an extremal surface in AdS3. The expansion (5.7) descends from the
asymptotic expansion (4.4), where one should think of f I1i, A1i, aα± as being proportional
to ǫ, while Qp is proportional to ǫ
2. One can then verify that, for our geometries, the first
order corrections to the AdS3 and the S
3 metrics vanish: δg1µν = δG
1
αβ = 0. Since, as
we will see, the gauge fields Aαµ only contribute quadratically, this implies that the first
non-trivial corrections to the extremal surface xµ(λ, xα) and to the EE appear at order ǫ2.
We will limit our analysis to these first non-trivial corrections in this paper.
In appendix D we provide the proof of the following facts:
(i) in the gauge (5.3), the first order corrections to the extremal surface vanish:
xµ1 (λ, x
α) = 0;
(ii) at order ǫ2 the area of the extremal surface, and hence the EE, only depends on the
S3 integral of the extremal surface: Xµ(λ) ≡ ∫ dxα√detG0 xµ(λ, xα);
(iii) the extremality equations for Xµ(λ) are the geodesic equations for a curve in a
reduced 3D metric
g˜µν ≡ g0µν + ǫ2
∫
dxα
√
detG0
(
δg2µν +
1
3
g0µν G
αβ
0 δG
2
αβ
)
. (5.9)
These are precisely the equations considered in [19].
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5.2 CFT computation at the first non-trivial order
The CFT result for the EE for a single interval A of length l at order ∼ l2 is
SA =
[
2N log
(
l
R
)
− l
2
12R2
(
6N N−1T 〈T 〉+N−1J 〈Jα〉2 +N−1J˜ 〈J˜
α〉2+
+N−1
O(1,1)
〈O(1,1)(1)1i〉2 +N−1O(0,0)〈O
(0,0)
(2)i 〉2
)
+O
(
(l/R)3
)]
, (5.10)
where the N coefficients are the normalizations of the two-point functions of the operators
〈0|Jα(1)Jβ(0)|0〉 = NJ δαβ, 〈0|J˜α(1)J˜β(0)|0〉 = NJ˜ δαβ,
〈0|O(1,1)(1)1iO
(1,1)
(1)1j |0〉 = NO(1,1) δij , 〈0|O
(0,0)
(2)i O
(0,0)
(2)1j |0〉 = NO(0,0) δij , (5.11)
with values
NJ = NJ˜ = NO(1,1) =
n1n5
2
. (5.12)
Part of this result was found in [19], the only difference being that here we need to compute
the explicit value of NO(0,0) and we have an extra term coming from the VEV of the stress-
energy operator.
The computation of NO(0,0) is straightforward: it is sufficient to consider a state
(|++〉1)N and compute the VEV of Σ++2 Σ−−2 on it, which by (4.16) and (4.20) yields
(
1
〈++ |)NΣ++2 Σ−−2 (|++〉1)N = N(N − 1)2 ≃ N
2
2
. (5.13)
Writing the operators Σ±±2 in terms of O
(0,0)
(2)i as in (4.8) we get an extra factor 1/2 (NO(0,0)
is defined starting from the real operators) which gives
NO(0,0) ≃
N2
4
. (5.14)
As explained in [19], all the terms but the one related to T come from contributions
of 2-point functions of the CFT primaries: the contributions of the 1-point functions of
primaries give zero, and in the case analyzed there no descendants had a nonzero VEV. In
the present case, though, T is a descendant of the identity operator, has a nonzero VEV
and because of its conformal dimension it gives a contribution of the same order in l as
the 2-point functions. This new contribution can be computed exploiting the procedure
followed in [30, 31]. The EE for a single interval A in the dual CFT can be written as
SA = − ∂
∂n
Sn|n=1, Sn = 〈s|Tn(z, z¯)T−n(w, w¯)|s〉, (5.15)
with
Tn(z, z¯)T−n(w, w¯) = |z − w|−4∆n

1 +∑
K
n∑
j=1
(z − w)∆K (z¯ − w¯)∆¯Kd(j)K O(j)K + · · ·

 ,
(5.16)
– 24 –
J
H
E
P
1
1
(
2
0
1
5
)
0
0
4
where we have written only the contribution of single CFT operators on a copy of the
CFT (i.e. not tensor products or two or more of them) and ∆n = ∆¯n =
c
24(n − 1n) is the
conformal dimension of the twist fields T±n. We can isolate the contribution given by T
multiplying both sides by T (u), taking the VEV and comparing the terms in ∼ (u−w)−4
as z → w. From the OPE
T (z)T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w (5.17)
we have that the relevant part of the r.h.s. is
|z − w|−4∆n(z − w)2d(j)K
c/2
(u− w)4 . (5.18)
The l.h.s. is given entirely by the nontrivial Schwarzian derivative that we get after we
make a conformal transformation to deal with the presence of the twist fields in the 3-
point function (see [16]). In the z → w limit this gives(
∆n
n
)
(z − w)2
(u− w)4|z − w|4∆n , (5.19)
so we get
d
(j)
K =
(
2
c
)
∆n
n
=
1
12
(
1− 1
n2
)
. (5.20)
Notice that within respect to [16], our ∆n is defined after summing over j, which gives an
extra factor n.
The result for the contribution to Sn (where again the sum over j brings just a factor
n) is
Sn,T = |z − w|−4∆n (z − w)2 1
12
(
n− 1
n
)
〈s|T (w)|s〉, (5.21)
which gives a contribution to the EE
SA,T =
l2
6R2
〈s|T (w)|s〉. (5.22)
5.3 Entanglement entropy of three-charge states
We now want to compare the CFT prediction for the single interval EE derived in sec-
tion 5.2, with the holographic computation outlined in section 5.1. For generic D1-D5-P
states, we immediately face the difficulty that we do not know the general expression of
the dual geometry. We have however verified, through the examples of sections 4.2 and 4.3,
that the 3-charge solutions found in [15] have an asymptotic expansion of the form (4.4).
We conjecture that this is true for all three-charge states. The knowledge of the expan-
sion (4.4) is enough to compute the EE at to order O(l/R)2, and hence compare with the
CFT result (5.10).
Starting with the 6D metric given in (4.1) with the metric coefficients expanded as
in (4.4), one derives the reduced 3D metric defined in (5.9):
g˜tt = − r
2
√
Q1Q5
[
1 + 2δP + 1
r2
(
(a+)
2 + (a−)
2 +Qp
)]
+O(r−2) , (5.23)
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g˜yy =
r2√
Q1Q5
[
1 + 2δP − 1
r2
(
(a+)
2 + (a−)
2 +Qp
)]
+O(r−2) , (5.24)
g˜rr =
r2√
Q1Q5
[
1 + 4δP
]
+O(r−2) , (5.25)
g˜ty =
r2√
Q1Q5
[
− 1
r2
(
(a+)
2 − (a−)2 +Qp
)]
+O(r−2) , (5.26)
with
δP = −1
2
(f11 )
2
r2
− 1
2
(A11)2
r2
, (5.27)
where
(a±)
2 ≡
3∑
α=1
(aα±)
2 , (f11 )
2 ≡
4∑
i=1
(f11i)
2 , (A1)2 ≡
4∑
i=1
(A1i)2 . (5.28)
The gauge fields coming from the reduction on S3 (5.1) are
Aαv =
√
2Gαβ0 aγ+(Y
γ+
1 )β +O(r
−2) , Aαu =
√
2Gαβ0 aγ−(Y
γ−
1 )β +O(r
−2) , (5.29)
with Gαβ0 the inverse of the round S
3 metric. They satisfy the gauge condition (5.3) because
the vector spherical harmonics are divergence-less:
∇α(Y γ±1 )α = 0 . (5.30)
As explained in section 5.1, we can thus apply the Ryu-Takayanagi procedure to the reduced
3D metric g˜µν and we obtain the result:
SA = 2n1n5
[
log
(
r0l√
Q1Q5
)
− l
2
12Q1Q5
(
Qp + (a+)
2 + (a−)
2 + 2(A1)2 + 2(f11 )2
)
+O(l3)
]
.
(5.31)
One immediately recognizes a structure similar to (5.10): the term (f11 )
2 corresponds to the
contribution given by O
(0,0)
(2)i ≡ Σαα˙2 , the term (A1)2 to O
(1,1)
(1)1i ≡ Oαα˙, the terms (a±)2 to Jα
and J˜α and the term Qp to 〈L˜0−L0〉. To verify that also the numerical coefficients match,
one uses the relations between the gravity parameters f11i, A1i, aα±, Qp and the CFT VEVs
given in (4.10) with the coefficients cO(0,0) , cO(1,1) , cJ , cJ˜ specified in (4.29) and (4.11), and
the values of the normalization constants N in (5.12) and (5.14). One can check that these
substitutions map precisely the gravity result (5.31) into the CFT formula (5.10). Part of
this match was already performed in [19]; what is new here is the momentum contribution
proportional to Qp ∼ 〈L˜0 − L0〉 and the verification of the numerical factor in front of the
twist field term proportional to (f11 )
2 ∼ 〈Σ2〉2. Note that this provides an independent
non-trivial check of the coefficient cO(0,0) , which was fixed in section 4.1 by requiring the
CFT-gravity consistency for one particular microstate. The contribution of T also agrees
with the expansion for small L of equation (3.11) of [59] with r20 = Qp.
6 Discussion and outlook
The 1-point functions of BPS operators and the single interval EE are useful observables
to establish a link between microstates and the dual geometries, and to enlighten the
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emergence of the spacetime from the CFT. Even if the computations of this paper were
limited to chiral primaries of dimension 1 and to the first non-trivial corrections to the EE
in the small interval limit, the detailed match between gravity and CFT results provides a
quite impressive verification of the map between 1/4-BPS states and two-charge geometries
proposed in [5, 6], and of its extension to the 1/8-BPS states of [15]. In examples like the
one worked out in appendix C, a relatively simple gravity result is matched against a
very non-trivial CFT computation, which uses the correlators of twist operators10 derived
in [21]. In other examples, like the one of section 4.3, the presence of a particular term in
the geometry follows, in the gravity picture, from a quite involved regularity analysis [15],
while it is implied quite straightforwardly by the non-vanishing of a twist operator VEV,
in the CFT picture. This last phenomenon is surprising, because the analysis of regularity
requires the knowledge of the geometry in the interior of the spacetime, while the CFT
picture only involves operators of small dimension (one, in our case), which are associated
with deformations of the geometry close to the AdS boundary. This example highlights
the power of the CFT in predicting non-trivial features of the dual spacetime.
Hence, a natural extension of our work consists in extracting from the CFT analysis the
necessary information to construct the geometries dual to a larger and more generic family
of three-charge states than the one known at present, possibly capturing a finite fraction of
the D1-D5-P entropy. In the three-charge microstates of [15], the momentum is carried by
the current J+−1 acting on strands with spin (0, 0); when spectrally flowed to the NS sector,
J+−1 becomes J
+
0 [42]. Together with L0, L±1,
11 the modes Jα0 form the rigid subsector of
the CFT chiral algebra, and states where momentum is carried by these rigid generators
constitute the so-called “graviton gas” contribution to the D1-D5-P elliptic genus [43, 44].
The full elliptic genus includes states where momentum is carried by fractional-moded
currents acting on strands of winding greater than one: indeed these states dominate the
entropy in the limit of large charges. Constructing the geometries dual to such states12
is crucial for the advancement of the so-called “fuzzball” program [46–48], which aims
at providing a geometric description of black hole microstates in terms supergravity (or
more generally string theory) configurations without horizons. For the purpose of this
construction, the information provided by the VEVs of BPS operators of dimension larger
than one, which determine the higher orders in the asymptotic expansion (4.4), could be
essential. Extending the holographic analysis to higher dimension operators could pose
technical hurdles (like the operator mixing phenomenon discussed in [7]), but the general
methods developed in [49–51] should allow progress in this direction.
Having higher dimension operators under control would also be necessary for under-
standing how a thermal behavior emerges from typical black hole microstates and to quan-
tify the deviations between typical pure states and statistical ensembles [52–54]. The states
we consider in this paper are not generic representatives of the ensemble giving rise to the
10The techniques for handling twist operator insertions in orbifold CFTs have been developed in a long
series of papers [21, 32–40]; the effects of these insertions on the EE have been investigated in [41].
11Geometries dual to states where momentum is carried by L−1 were constructed at linear level in [60]
and can be extended to nonlinear level using methods similar to [15].
12Particular states in this class have already been constructed in [45].
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black hole entropy, and indeed the VEVs of simple, low dimension operators, which are
non-vanishing in our states, are expected to be suppressed in the large charge limit for
typical microstates. But more complex, higher dimension operators can have non-trivial
VEVs also in typical states. At least for BPS operators, the free orbifiold CFT picture de-
scribed in this paper offers a precise tool to characterize and estimate the correlators which
can distinguish generic states among themselves and from the maximally mixed state. The
holographic dictionary will then allow to determine if and how these differences manifest
themselves in the classical geometry.
Similar questions could be addressed by using the single interval EE as a probe of the
microstate geometry. As we have seen, when the length of the interval is small, the EE only
probes the region of spacetime close to the boundary, and is only sensitive to operators
of small dimension. But as the length increases, the entangling curve reaches deeper in
the bulk, possibly exploring the whole spacetime.13 It has been argued [56–58] that in the
limit of large central charge, the EE in a typical pure state is dominated by the conformal
block of the identity, and hence it reproduces the thermal answer associated with the BTZ
black hole [59]. On the other hand we have seen that in our atypical states, the EE receives
contributions also from the conformal blocks of non-trivial chiral primaries. It would be
interesting to quantify the contribution of non-trivial primaries to the EE in typical states,
and evaluate the induced deviations from the thermal behavior.
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A More details on the orbifold CFT
It is convenient to bosonize the fermions ψρ (2.9) that diagonalize the boundary conditions
ψ11˙ρ = ie
iHρ , ψ12˙ρ = e
iKρ , (A.1)
where Hρ and Kρ are compact boson satisfying
14 the OPE
Hρ(z)Hρ′(w) ∼ Kρ(z)Kρ′(w) ∼ −δρρ′ ln(z − w) , Hρ(z)Kρ′(w) ∼ 0 . (A.2)
The fermionic part of the twist fields introduced in section 2 can be written in terms of
the free fields H and K in a standard way; for instance
Σ
− k−1
2
,− k−1
2
k = ⊗k−1ρ=0
(
σXρ e
−i ρ
k
Hρ e−i
ρ
k
Kρ
)(
σ˜Xρ e
−i ρ
k
H˜ρ e−i
ρ
k
K˜ρ
)
, (A.3)
13The regions of the geometry that are not swept by the entangling curve are called entanglement shadows.
The existence of shadows in geometries containing conical defects was pointed out in [55]; in the D1-D5
CFT, these geometries are dual to pure states containing multiply wound strands with spin (±1/2,±1/2).
14To be precise we would need to include appropriate cocycles so as to ensure that different fermions ψ11˙ρ
and ψ12˙ρ′ anticommute also in the bosonic language. We will skip this detail.
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where σXρ is the bosonic twist field acting on the bosonic coordinates X
AA˙
ρ . The conformal
weight of Σk is
k−1∑
ρ=0
[
ρ
k
(
1− ρ
k
)
+
ρ2
k2
]
=
k − 1
2
and similarly for the anti-holomorphic part: the first term in the sum is the σXρ contribution
and the second one is the contribution from the fermionic sector. In order to calculate
explicitly the action of the twist fields on a R ground state such as ⊗r|++〉(r) ≡ |++〉k, we
need to rewrite the state in terms of the bosons introduced here. We have simply
|++〉k = lim
z→0
⊗k−1ρ=0
(
e
i
2
(Hρ(z)+Kρ(z))e
i
2
(H˜ρ(z¯)+K˜ρ(z¯))
)
|0〉 , (A.4)
where |0〉 is the SL(2, C) invariant vacuum. Eq. (A.4) can be checked simply by verifying
that all ψ(r)’s have the R monodromies and that the state defined has the expected spin
and conformal dimension. Then it is straightforward to calculate the r.h.s. of (2.10) by
using free fields
Σ
− k−1
2
,− k−1
2
k (z, z¯)|++〉k ∼ |z|−(k−1) ⊗k−1ρ=0
[
ei(−
ρ
k
+ 1
2)Hρ(0)ei(−
ρ
k
+ 1
2)Kρ(0)
]
|0〉 . (A.5)
Notice that the state produced is again part of the R sector. This can be seen by relating
the periodicity of bulk fermions along the S1 parametrized by y to the periodicity of the
CFT fermions. For instance we can consider the bulk gravitino field that couples to the
CFT super-current, G(z) and the two objects are either both periodic or both antiperiodic.
If we consider k copies of the CFT, the total supercurrent is the sum of the supercurrents
of the individual copies is
∑
rG(r) = Gρ=0, where, as in (2.9), Gρ are the components in
the twisted sectors that diagonlize the boundary conditions we have
Gρ(z) =
k∑
r=1
e2pii
rρ
k Gr(z) , with ρ = 0, 1, . . . , k − 1 . (A.6)
The fermionic fields Gρ=0(z) have the same mode expansions as ψρ=0(z), so when it goes
around the NS state we have
Gρ=0(e
2piiz) = Gρ=0(z) , (A.7)
while when the current goes around a R state we have
Gρ=0(e
2piiz) = −Gρ=0(z) . (A.8)
The state obtained by the action of Σk in (A.5) has the monodromies in (A.8) and so is
part of the R sector.
B General gravity results for D1-D5 geometries
We will now give some general results for the objects Z1, Z2 and Z4 for 2-charge geometries
up to order ∼ 1/r3. First we define
h1(v
′) ≡ g1(v′) + ig2(v′), h2(v′) ≡ g3(v′) + ig4(v′). (B.1)
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We have
Z1 ≡ 1 + Q5
L
∫ L
0
dv
|h˙1|2 + |h˙2|2 + |g˙5|2
|xi − gi|2 , Z2 ≡ 1 +
Q5
L
∫ L
0
dv
1
|xi − gi|2 , (B.2)
A ≡ −Q5
L
∫ L
0
dv
g˙5
|xi − gi|2 , A ≡ −
Q5
L
∫ L
0
dv
g˙jdx
j
|xi − gi|2 , (B.3)
where the denominator can also be rewritten as
|xi − gi|2 ≡
4∑
i=1
(xi − gi)2 = |(x1 + ix2)− h1|2 + |(x3 + ix4)− h2|2. (B.4)
The result for Z1 at order ∼ 1/r3 is
Z1 ≃ 4π
2Q5
L2
∑
k 6=0
{
|a(1)k |2 + |a(2)k |2 +
1
4
|a(00)|k| |2
}
+
+
4π2Q5
L2
1
r3
∑
k,l,n 6=0
1
n
{(
x1 − ix2
r
)(
a
(1)
k a¯
(1)
l a
(1)
n δk−l+n + a
(2)
k a¯
(2)
l a
(1)
n δk−l+n
)
+
+
(
x3 − ix4
r
)(
a
(1)
k a¯
(1)
l a
(2)
n δk−l+n + a
(2)
k a¯
(2)
l a
(2)
n δk−l+n
)
+ [c.c.]
}
+
+
π2Q5
L2
1
r3
+∞∑
k,l=0
∑
n 6=0
1
n
{(
x1 − ix2
r
)(
a
(00)
k a
(00)
l a
(1)
n δk+l+n + 2a
(00)
k a¯
(00)
l a
(1)
n δk−l+n+
+a¯
(00)
k a¯
(00)
l a
(1)
n δ−k−l+n
)
+
+
(
x3 − ix4
r
)(
a
(00)
k a
(00)
l a
(2)
n δk+l+n + 2a
(00)
k a¯
(00)
l a
(2)
n δk−l+n+
+a¯
(00)
k a¯
(00)
l a
(2)
n δ−k−l+n
)
+ [c.c.]
}
, (B.5)
where δm ≡ δm,0 and where we put a(00)k<0 = 0.
The result for Z2 does not contain terms of order ∼ 1/r3, thus
Z2 = 1 +
Q5
r2
+O
(
1
r4
)
, (B.6)
while for Z4 we have
Z4 =
πQ5
L
1
r3
+∞∑
k=1
1
k
{(
x1 − ix2
r
)(
a
(00)
k a
(1)
−k + a¯
(00)
k a
(1)
k
)
+
+
(
x3 − ix4
r
)(
a
(00)
k a
(2)
−k + a¯
(00)
k a
(2)
k
)
+ [c.c.]
}
. (B.7)
The 1-form A = Aidx
i can be written at order ∼ 1/r3 as
Ai = −2Q5fij xj
r4
, fij ≡ 1
L
∫ L
0
dv g˙igj = −fji. (B.8)
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We can switch to complex coordinates
z1 ≡ x1 + ix2, z¯1 ≡ x1 − ix2, (B.9)
z2 ≡ x3 + ix4, z¯2 ≡ x3 − ix4, (B.10)
and define indices za, zb, . . . such that za = (z1, z¯1, z2, z¯2) and so on to get
Aza = −2Q5fzazb
dzb
r4
. (B.11)
We have
fz1z¯1 =
2πi
L
∑
n 6=0
a(1)n
a¯
(1)
n
n
, fz1z2 = − (fz¯1z¯2)∗ = −
2πi
L
∑
n 6=0
a(1)n
a
(2)
−n
n
, (B.12)
fz2z¯2 =
2πi
L
∑
n 6=0
a(2)n
a¯
(2)
n
n
, fz1z¯2 = − (fz¯1,z2)∗ =
2πi
L
∑
n 6=0
a(1)n
a¯
(2)
n
n
. (B.13)
The components of the 1-form B at order ∼ 1/r3 are obtained in the coordinates xi as
Bi = −Q5 ǫijklfklxj
r4
. (B.14)
C General D1-D5 state with twist field VEV
In general the twist field Σαα˙2 can join two strands of length k1 and k2 into a strand or length
k1+k2 (or vice versa split the k1+k2-long strand into k1 and k2 pieces). Thus a state with
three different strands of lengths k1, k2 and k3 = k1+k2 will have a non-vanishing VEV for
Σαα˙2 . For simplicity we take the spin state of all the strands to be (++), so our building
blocks are |++〉ki , with i = 1, 2, 3. In section 4.1 we have considered the particular case
with k1 = k2 = 1, k3 = 2. The interest of the more general case relies on the fact that the
action of the twist field on strands of length greater than one is quite subtle, and it produces
a non-trivial numerical factor which was computed by CFT methods in [21] (see eq. (5.25)
there). We will show that holography provides a non-trivial check for this coefficient.
The state we consider has the form (3.11) where the only non-trivial coefficients are
A
(++)
k1
≡ A1, A(++)k2 ≡ A2, A
(++)
k3
≡ A3; for brevity, we also rename N (++)k1 ≡ p1, N
(++)
k2
≡
p2, N
(++)
k3
≡ p3; these numbers are subject to the constraint k1p1 + k2p2 + k3p3 = N . The
state is then
ψ(A1, A2, A3) ≡
N/k1∑
p1=0
N−k1p1
k2∑
p2=0
(A1|++〉k1)p1 (A2|++〉k2)p2 (A3|++〉k3)
N−k1p1−k2p2
k3 . (C.1)
Its norm is
|ψ(A1, A2, A3)|2 =
N/k1∑
p1=0
N−k1p1
k2∑
p2=0
Ap11 A
p2
2 A
N−k1p1−k2p2
k3
3 N (p1, p2) , (C.2)
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with
N (p1, p2) = N !
p1! p2! (
N−k1p1−k2p2
k3
)! kp11 k
p2
2 k
N−k1p1−k2p2
k3
3
. (C.3)
According to the general result (3.15) the sum in (C.1) is peaked around the average values
p¯i =
|Ai|2
ki
(i = 1, 2, 3) . (C.4)
We can now consider the action of the twist field on the state ψ(A,B). For angular
momentum conservation, only the operator Σ−−2 can glue two strands and only Σ
++
2 can
split one strand. The novelty with respect to the state with k1 = k2 = 1 is that when
Σ
(−−)
2 glues two strands of windings k1, k2 > 1, the final state is multiplied by the factor
ck1k2 =
k1 + k2
2k1k2
. (C.5)
Note that c1,1 = 1, and thus this effect was invisible in the computation of section 4.1. This
factor was derived via a non-trivial CFT computation in [21]; we will import their result
here, and show that it is necessary for consistency with the holographic computation of
the VEV. One has moreover to include the usual combinatorial factors which arise when
one has multiple strands of the same type, so the total action of the twist field is
Σ−−2
[
(|++〉k1)p1 (|++〉k3)p2 (|++〉k3)p3
]
=
= ck1k2 (p3 + 1) k3
[
(|++〉k1)p1−1 (|++〉k2)p2−1 (|++〉k3)p3+1
]
. (C.6)
The combinatorics is explained as follows: there are p1 (p2) ways to pick one strand of
length k1 (k2); moreover on a strand of length k1 (k2), the gluing action of Σ
−−
2 can be
applied at k1 (k2) positions within the strand. Thus the number of terms appearing on the
l.h.s. of (C.6) is
p1 p2 k1 k2N (p1, p2) = (p3 + 1) k3N (p1 − 1, p2 − 1) , (C.7)
where we have used (C.3). Since this equals the number of terms present on the r.h.s.
of (C.6) (up to the factor ck1,k2), this justifies the combinatorial factors in that equation.
The calculation for the VEV of Σ−−2 on ψ(A1, A2, A3) now proceeds along similar lines
as in eq. (4.19), and one obtains
〈Σ−−2 〉 ≡ |ψ(A1, A2, A3)|−2 〈ψ(A1, A2, A3)|Σ−−2 |ψ(A1, A2, A3)〉
= ck1k2
A1A2
A3
p¯3 =
k1 + k2
2 k1k2
A1A2A¯3 . (C.8)
Analogous arguments determine the action of Σ++2 , when it splits a strand of winding
k1 + k2 into pieces of length k1 and k2:
Σ++2
[
(|++〉k1)p1 (|++〉k3)p2 (|++〉k3)p3
]
=
= ck1k2 (p1 + 1) k1 (p2 + 1) k2
[
(|++〉k1)p1+1 (|++〉k2)p2+1 (|++〉k3)p3−1
]
. (C.9)
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One can again check that, thanks to the identity (C.7), the action of Σ++2 is consistent
with hermitian conjugation and thus
〈Σ++2 〉 = 〈Σ−−2 〉∗ =
k1 + k2
2 k1k2
A¯1A¯2A3 . (C.10)
The VEVs of the angular momentum operators are determined by the average numbers
of strands, and are given by
〈J3〉 = 〈J˜3〉 = 1
2
(p¯1 + p¯2 + p¯3) =
1
2
( |A1|2
k1
+
|A2|2
k2
+
|A3|2
k1 + k2
)
. (C.11)
On the gravity side, the dual geometry is associated with the profile with modes
a
(++)
k1
≡ a1, a(++)k2 ≡ a3 and a
(++)
k3
≡ a3, related with the CFT parameters as
ai =
Ai
R
√
Q1Q5
N
(i = 1, 2, 3) . (C.12)
The gravity coefficients determining the VEVs are
f111 − if112 =
R2
Q1Q5
k1 + k2
2 k1k2
a1 a2 a¯3 , A1i = 0 , (C.13)
a3+ = −a3− = R
2
√
Q1Q5
( |a1|2
k1
+
|a2|2
k2
+
|a3|2
k3
)
. (C.14)
The angular momenta derived from a3+, a3− are easily seen to match with the CFT
values (C.11). Using the coefficient cO(00) given in (4.29), the gravity prediction for the
VEV of Σ−−2 is
〈Σ−−2 〉Grav. = cO(0,0) (f111 − if112) =
N3/2R3
(Q1Q5)3/2
k1 + k2
2 k1k2
a1 a2 a¯3 , (C.15)
which matches with the CFT prediction (C.8) in view of (C.12).
D The proof of the statements in section 5.1
Below we sketch the proof for the statements at the end of section 5.1.
(i) Consider the extremality equation (5.6) at first order in ǫ. Since ∂αx
µ starts at order
ǫ, and in (5.6) there appears the first derivative of
√
detg∗ with respect to ∂αx
µ, it is
enough to compute
√
detg∗ at second order in ∂αx
µ. This can be done by doing an
expansion around ∂αx
µ = 0, where the induced metric g∗ greatly simplifies. Indeed
when ∂αx
µ = 0 one has
g∗λλ = gˆµν x˙
µx˙ν , g∗λα = Gαβ A
β
µ x˙
µ , g∗αβ = Gαβ , (∂αx
µ = 0) (D.1)
with
gˆµν ≡ gµν +GαβAαµAβν . (D.2)
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Then the inverse of the induced metric is
gλλ∗ = g
λλ , gλα∗ = −gλλAαµ x˙µ , gαβ∗ = Gαβ + gλλAαµAβν x˙µx˙ν , (∂αxµ = 0)
(D.3)
where gλλ is the inverse of
gλλ ≡ gµν x˙µx˙ν . (D.4)
Using this observation, one can compute the expansion of
√
detg∗ up to the first order
in ∂αx
µ: √
detg∗
∣∣∣
∂αxµ=0
=
√
gλλ detG , (D.5)
∂
√
detg∗
∂∂αxµ
∣∣∣
∂αxµ=0
=
√
gλλ detG (A
α
µ − gλλAασgµρx˙ρx˙σ) . (D.6)
When evaluating the first two terms in the extremality equation (5.6) at first order
in ǫ, one only needs (D.5); moreover, due to the absence of first order corrections to
gµν and Gαβ , one can approximate√
detg∗ =
√
g0µν x˙
µx˙ν
√
detG0 +O(ǫ2) . (D.7)
Substituting the expansion (5.8) for xµ(λ, xα) in the above equation, one immediately
concludes that, at first order in ǫ, the first two terms in (5.6) give a linear and homo-
geneous equation for xµ1 . Consider now the last term in (5.6): the only contribution
that is not homogeneous in xµ1 comes from (D.6). At our order of approximation such
a term is
− ∂
∂xα
∂
∂∂αxµ
√
detg∗ = −ǫ
√
g0λλ detG
0 gλλ0 (∇0αδAαµ g0ρσ −∇0αδAασ g0µρ) x˙ρ0x˙σ0 +O(ǫ2) ,
(D.8)
where
g0λλ ≡ g0µν x˙µ0 x˙ν0 (D.9)
does not depend on xα. This term vanishes thanks to the de Donder gauge condi-
tion (5.3). We thus conclude that the equation for xµ1 is linear and homogeneous and
hence it admits the solution xµ1 = 0.
(ii) Consider now the contributions of order ǫ2 to the area of the extremal surface
A =
∫
dλdxα
√
detg∗ , (D.10)
which gives the EE. We notice that to compute
√
detg∗ up to order ǫ2 one can set
∂αx
µ = 0: indeed, having shown that xµ1 = 0, we know that ∂αx
µ starts at order ǫ2;
moreover (D.6) implies that the first derivative of
√
detg∗ with respect to ∂αx
µ is at
least of order ǫ; thus the contributions from ∂αx
µ to
√
detg∗ are at least of order ǫ3.
For the computation of A we can then use the simplified expression (D.5), and obtain
A =
∫
dλdxα
√
gλλ detG+O(ǫ
3) = A0 + ǫ
2
∫
dλ
√
g0λλ g
λλ
0 g
0
µν x˙
µ
0 X˙
ν
2 + . . .+O(ǫ
3) ,
(D.11)
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where A0 is the order zero term, X
µ
2 is the S
3 integral of xµ2
Xµ2 ≡
∫
dxα
√
detG0 xµ2 , (D.12)
and the dots in (D.11) are terms of order ǫ2 that do not depend on xµ2 (but are
proportional to δg2µν and δG
2
αβ). We conclude that to compute A at second order we
do not need to know xµ2 (λ, x
α) but only its integral Xµ2 (λ).
(iii) We now want to derive a differential equation for Xµ2 (λ), or equivalently for X
µ(λ).
Since the extremality equation (5.6) at order ǫ2 is of course linear in xµ2 , we can derive
an equation for its S3-integral by integrating (5.6) on S3; the last term in (5.6), being
a total derivative with respect to xα, drops out of the integral; so we get the equation∫
dxα
[
∂
∂xµ
√
detg∗ − ∂
∂λ
∂
∂∂ixµ
√
detg∗
]
= 0 , (D.13)
where we can use the approximation (D.5) for
√
detg∗.
We thus see that the problem reduces to that of finding an extremal surface in the
“reduced 3D” metric gEµν ≡ gµν (detG). Note that gEµν would be the Einstein metric in
3D if it were independent of xα. In this extremality problem the variables xα appear as
external parameters, i.e. the equation does not contain derivatives with respect to xα. At
the end of the computation one should integrate over xα. Alternatively one can perform
the integral over xα before solving the equations and define an xα-independent 3D metric
g˜µν ≡ g0µν + ǫ2
∫
dxα
√
detG0
(
δg2µν +
1
3
g0µν G
αβ
0 δG
2
αβ
)
. (D.14)
(Note: we are assuming the normalization
∫
dxα
√
detG0=1). The equations that determine
Xµ(λ)≡∫dxα√detG0 xµ(λ, xα) are the geodesic equations for a curve in the metric g˜µν .
Open Access. This article is distributed under the terms of the Creative Commons
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